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Feature spaceFeature space
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Feature spaceFeature space

Global support 

Similar local behavior, compact support

noise

Feature spaceFeature space

− How to 
� generate functions in F(M);

� design functions with specific differential 

properties and behavior;

� select functions in F(M);

� measure properties/distances in F(M);

� address applications: function/shape smoothing, 

approximation, compression, comparison, 

deformation;

� …
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LaplaceLaplace--Beltrami operatorBeltrami operator

manifold

Laplacian eigenfunction

Harmonic function

Heat equation



Laplacian matrixLaplacian matrix

Consider the linear FEM discretizationlinear FEM discretization of the 

Laplace Beltrami operator

Feature map

[Reuter06,VALLET09

]

Laplacian matrix

Laplacian matrixLaplacian matrix

Mass matrixMass matrix

Stiffness matrixStiffness matrix
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Laplacian spectrum [NGH04,RWP06]Laplacian spectrum [NGH04,RWP06]

− Consider the spectrum of the Laplacian 
matrix associated to M



Laplacian spectrumLaplacian spectrum

Higher eigenvalueHigher eigenvalue��higher complexity in term of levelhigher complexity in term of level--sets & critical pointssets & critical points

Laplacian spectrumLaplacian spectrum

− Analogies with the spherical harmonics.



Laplacian spectrumLaplacian spectrum

− The spectrum defines a set of  functions, which are

� “intrinsically” defined by the input shape;

� smooth functions in terms of level-sets and 

critical points;

� provide a basis of the feature space.

Laplacian spectrumLaplacian spectrum

− The spectrum defines a set of functions, which are

� “intrinsically” defined by the input shape;

� smooth functions in terms of level-sets and 

critical points;

� provide a basis of the feature space.

− No control over the

� function support;

� alignment of the function with shape features;

� computation of the whole spectrum;

� eigenfunctions’ switch.
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Harmonic functions [DBG*06]Harmonic functions [DBG*06]

Smooth functions with a (generally) low

number of critical points are achieved by 

solving the Laplace equation with Dirichlet 

boundary conditions.

Laplace equationLaplace equation

Dirichlet boundary Dirichlet boundary 

conditionsconditions



Harmonic functionsHarmonic functions

Dirichlet conditionsDirichlet conditions
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Smoothing & GeometrySmoothing & Geometry--aware functionsaware functions

Metrics in the feature  spaceMetrics in the feature  space

B pos. definiteB pos. definite



Tikhonov regularizationTikhonov regularization

Approximation accuracyApproximation accuracy is 
measured with respect to the 
norm induced by a positive 
definite matrix B (e.g., B:=I or 
linear FEM mass matrix)

SmoothnessSmoothness is 
controlled by the 
Laplacian matrix M

CompromiseCompromise between 
approximation accuracy and 
smoothness

Input (noisy) 

map

Tikhonov regularizationTikhonov regularization

− Minimize the quadratic functionalquadratic functional

− equivalent to compute the solution of the 
normal equationnormal equation

− The coefficient matrixcoefficient matrix is
� symmetric; 

� positive definite;

� sparse (as sum of two sparse matrices).



Smoothing & GeometrySmoothing & Geometry--aware functionsaware functions

Robustness w.r.t. samplingRobustness w.r.t. sampling

B:=FEMB:=FEM B:=IB:=I

+ noise+ noise
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Heat kernelHeat kernel

manifold

Eigensystem of 



Discrete heat kernel: B:=IDiscrete heat kernel: B:=I

Full kernel matrix

wFEM discrete heat  kernelwFEM discrete heat  kernel

− Use the linear FEM discretization of the 
Laplace-Beltrami operator (Galerkin 

formulation).



wFEM heat kernelwFEM heat kernel

− is not symmetric but selfself--adjoint adjoint with 
respect to the norm induced by B; i.e.,

wFEM heat kernelwFEM heat kernel

− is not symmetric but self-adjoint with 
respect to the norm induced by B; i.e.,

− more robust w.r.t. irregular sampling 
densities;



wFEM heat kernel: robustnesswFEM heat kernel: robustness

wFEM heat kernelwFEM heat kernel

− invariant w.r.t. isometric transformations;



wFEM heat kernelwFEM heat kernel

Galerkin formulation

Standard approachStandard approach Proposed approachProposed approach

wFEM heat kernelwFEM heat kernel

− is scalescale--covariant covariant and outperforms previous 

work on heat kernel shape signatures.

Global/local shape rescalingGlobal/local shape rescaling



wFEM heat kernelwFEM heat kernel

− How to guarantee that

(i.e., local&global scale invariancelocal&global scale invariance).
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GeneralizationsGeneralizations

− From surfaces to volumes through topology-
driven approximation of scalar functions 

with RBF functions.

MultiMulti--dimensional data approx.dimensional data approx.
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